We study the BPS equations in ABJM theory furthermore. Besides the known funnel solutions which are proposed to describe M2-M5 systems we find a new kind solution. We analyze the properties therein and see that it can describe M2-KK6 (2D membranes with 6D Kaluza-Klein monopole) systems. Our solutions also reveal new vacua in the mass deformed ABJM theory. Contrast to the previous investigation in which the vacua are reducible, ours may be irreducible. We also discuss a possible interpretation of the new BPS solutions as a M2-2M5 system.
Introduction
Bagger, Lambert and Gustavsson (BLG model) [1, 2] had proposed a three-dimensional N = 8 superconformal Chern-Simons model based a novel 3-Lie algebra [3] . This model has been expected to describe the low energy effective theory of two coincident M2-branes in eleven dimensions [4] .
The use of the Nambu bracket algebras [5, 6] , which are a infinite-dimensional case of n-Lie algebras, in the context of the BLG model had found that it is possible to have 3 dimensional internal spaces coming from 3-algebra to combine with the 3 dimensional world-volume of M2 branes to describe M5 [7] .
However, in M-theory there are Kaluza-Klein monopole (KK6) object which is a six dimensional object with coordinate (t, x 1 , x 2 , z 1 , z 2 , y 1 , y 2 ). It was argued in [8] [9] [10] [11] that M2-brane, with coordinate (t, x, z), can intersect with KK6 over a 0-brane such that one of the M-2-brane coincides with the isometry direction (z) of the Taub-NUT space [8] (0|M2, KK6) = t x z − − − − − − − − t − (z) x 1 x 2 z 1 z 2 y 1 y 2 − − (1.1)
Thus, in considering (0|M2, KK6) we need extra 5 dimensional internal spaces from 3-algebra in M2 brane to have 6 space dimensions in the world volume of KK6. In [12] we had proved that the infinite dimensional Lie 3-algebra based on the Nambu-Poisson structure could not only provide three dimensional manifolds to allow M5 from M2 [7] , but also provide five dimensional manifolds to allow KK6 from M2. After discovery BLG theory, ABJM [13] [14] [15] had proposed an N = 6 Chern-Simonsmatter theory with U(N) × U(N) gauge group, SO(6) R-symmetry and equal but opposite Chern-Simons (CS) levels (k,-k), to capture the dynamics of the low-energy limit of multiple M2-branes on an M-theory orbifold, C 4 /Z k . An important test for the multiple membranes theory is that it should reproduce the physics of M2-M5 intersections. The studies in [16] [17] [18] have confirmed the property. However, as mentioned before, in M-theory there are Kaluza-Klein monopole (KK6) object and we need to produce the funnel solution of (0|M2, KK6) systems. This seem to conflict to the conjecture in [17] , which said that the funnel of M2-M5 are the only BPS solution in ABJM theory. In this paper we will solve the puzzle by studying the BPS equations in ABJM theory furthermore. We will find a new kind solution which can describe the M2-KK6 systems. We also see that it can describe the M2-2M5 system. Note that ABJM model admits a mass deformation which preserves supersymmetry while being noncomformal [17, 19] . The deformed theory is expected to have a discrete set of vacua labeled by partitions of N, where N is the number of M2-branes. These vacua are dual to a discrete set of LLM geometries constructed in [20] and had been counted in mass deformed ABJM in [17, 21] . As a byproduct, our solutions also show new vacua in the mass deformed ABJM theory. Contrast to the previous investigation [17, 21] in which the vacua are reducible, ours may be irreducible.
This paper is organized as follows. In section 2 we review the ABJM model and present the BPS equation as those in [18] . In section 3 we present our numerical searches for BPS solutions in low dimensional matrix. In section 4 we first provide the general solution. Next, we calculate the tension of the solution and show a possible way to explain our solution as describing the M2-KK6 (2D membranes with 6D KaluzaKlein monopole) systems. In section 5 we mention that our solutions also reveal new vacua in the mass deformed ABJM theory. It is interesting to see that, contrast to the previous investigation in which the vacua are reducible, ours may be irreducible. We also discuss a possible interpretation of the new BPS solutions as a M2-2M5 system. We summarize our results in the last section.
ABJM Theory and BPS Solutions

ABJM Theory and BPS Equations
The ABJM theory is an N = 6 superconformal U(N) × U(N) Chern-Simons theory of gauge fields A µ andÂ µ with level (k,-k) coupled to four complex scalars Y A and four Dirac fermions ψ A , where A = 1, 2, 3, 4 in the bifundamental representation [13] ,
with the potentials
ABJM model actually has SU(4) ∼ SO(6) R-symmetry and N =6 supersymmetry [15] . As we want to consider Basu-Harvey type BPS equations, which have the dependence of only one of the spatial worldvolume coordinate, say s. The BPS equations of ABJM theory can be obtained by combining the kinetic terms and potential terms in the Hamiltonian and rewriting it as a sum of perfect squares plus some topological terms. Denote
2 ) the formula used in this paper is [18] 4) in which the last term is topological and doesn't affect the dynamics in the bulk. Therefore we have a set of BPS equations, which minimize the energy in a given topological sector:
The topological term gives the energy of the configuration when the BPS equations are satisfied.
BPS solution and M2-M5 Systems
To solve the BPS equations (2.5)-(2.7) one first assumes W A = 0 and remained work is just to solve the following simple equations [16] [17] [18] :
where A, B = 1, 2. Next, we separate the s-dependent and independent part by
where G A s are N × Nmatrices satisfying
This equation is solved in [16, 17] by first diagonalizing G † 1 using the U(N) × U(N) transformations and find that the another matrix G † 2 must be off-diagonal. The N dimensional irreducible solution is ,
The M5-brane tension (T 5 ) calculated from the above BPS funnel solution is consistent with the well known relation 2πT 5 = T 2 2 [22] . Above solution was conjectured to be the only one in the BPS equations [17] and had also been use to study the vacuum of mass deformed ABJM [17, 21] .
In this section we have collected the formula in [18] for self-contained. In the next section we will find other possible solutions of BPS equation (2.5) -(2.7), which can describe M2-KK6 (2D membrane, 6D Kaluza-Klein monopole) systems.
New BPS Solutions : Numerical Searches
We use the following matrix notation
in which the funnel function f (s) is described in (2.9). We will first diagonalize X by using the U(N) × U(N) transformations and then search the possible non-trivial solutions for diagonalized Y in the case of W = 0 in this paper. Once X and Y are known then Z is more easily to be determined by BPS equations. Let us first present our numerical searches for the solutions.
1. The most simple solution of (2.11) is 2 × 2 matrix
It represents funnel solution of 2M2-M5 system [16] [17] [18] .
2. For the 3 × 3 matrix the solution of (2.11) is
It represents funnel solution of 3M2-M5 system [16] [17] [18] . Our find is the following new solution
in which Z 3×3 looks, more or less, like as the overlap of double Z 2×2 matrix in (3.2), with an overlapped element 0. Anyway, this is indeed a new irreducible solution. Note that {X = diag(0, 0, 1), Y=diag(0,1,0)} is an equivalent solution by just permuting matrix column and row elements. However, neither {X = diag(0, 0, 1), Y=diag(0,0,1)} nor {X = diag(1, 0, 1), Y=0} is a solution.
3. For the 4 × 4 matrix we could have the simple solution {X = diag(1, 0, 0, 1), Y = diag(0, 0, 0, 0)} which, however, is the reducible one formed by direct product of two {X = diag(0, 1), Y=0} and is not a new solution. (Hereafter we neglect the reducible solutions.) Of course, permutating X to become X = diag(0, 1, 0, 1) or X = diag(1, 1, 0, 0) are also the possible solutions. (Hereafter we neglect these equivalent solutions.) The irreducible solution of 4 × 4 matrix of (2.11) is
It represents funnel solution of 4M2-M5 system [16] [17] [18] . For the 4 × 4 matrix we have found the following new irreducible solution
in which Z 4×4 looks, more or less, like as the overlap of Z 2×2 matrix in (3.2) with Z 3×3 matrix in (3.3), with overlapped element 0. With exchange X ↔ Y we also have the equivalent solution, dues to the SU(4) symmetry in ABJM theory. (Hereafter we neglect these equivalent solutions.) [16] [17] [18] we have found the two new irreducible solutions. The first is
in which Z 5×5 looks, more or less, like as the overlap of Z 2×2 matrix in (3.2) with Z 4×4 matrix in (3.5), with overlapped element 0. The second is
in which Z 5×5 looks, more or less, like as the overlap of double Z 3×3 matrix in (3.4), with an overlapped element 0. (One of Z 3×3 has been permuted the order of colum and row.)
5. For the 6 × 6 matrix, besides {X = diag(0, 1, [16] [17] [18] we have found the following two new non-equivalent irreducible solutions :
As before, Z 6×6 looks, more or less, like as the overlap of proper Z matrix in (2.11), with an overlapped element 0. Now we have seen a simple rule to find the general solution: Just overlap of two proper Z matrix in (2.11), with an overlapped element 0, and with the corresponding X and Y we then have a new solution. (Note that one of Z matrix has permuted the order of column and row.) The property of overlapping therein strongly suggests that this is a irreducible solution.
A further example is the case of 7×7 matrix:
, Y=0} [16] [17] [18] we have the three new non-equivalent irreducible solutions with non-zero matrix elements :
As before all above Z 7×7 look, more or less, like as the overlap of proper Z matrix in (2.11), with an overlapped element 0.
Besides the above solutions we also find other solutions
for any c. However, we have not yet found a simple rule to generalize these solutions to higher dimensional matrix.
M2-KK6 : BPS Solutions and KK6 Tension 4.1 General BPS Solutions in ABJM
From above study we can write the new general solution of BPS equation with W = 0. For N × N matrix with N = m + n + 1 we have general solution with following non-zero matrix elements:
Notice that above solution is irreducible as Z matrix does not become a double block forms. A very similar reducible solution constructed from (2.11) is the N × N matrix, N = m + n + 2, with following non-zero matrix elements:
This reducible solution had been had been used in [17, 21] to count the vacua in the mass deformed ABJM model. We now prove that our find matrix X, Y and Z in (4.1)-(4.3) is the solution of BPS equations (2.5)-(2.7). We denote X i,i = x i , Y i,i = y i and Z i,i+1 = z i , then
• Step 1: As W=0 the first equation in (2.7) automatically be satisfied.
• Step 2 : The second equation in (2.7) becomes
As x i y i = 0 above equation is satisfied.
• Step 3 : Equation (2.5) and equation (2.6) become
It is easy to see that solutions of (4.1)-(4.3) could satisfy above equation. Q.E.D.
Using the above solution we can find following trace value
which will be proportional to the energy associated with the BPS solutions, as studied in next subsection. The minimum energy for a fixed N is found to be at n * which is
For the NM2-KK6 system we will analyze the lowest energy case among these solution.
Energy of BPS Solutions and KK6 Tension in ABJM
The energy of the solution can be evaluated from (2.4).
in which E * 0 is defined in (4.12). We have used the BPS equations (2.5) and (2.6) to obtain the second line. Case of W = 0 in (4.13) reduces to that in [18] .
After introducing the dimension parameter of M2 tension T M 2 [18] we can define the radius R averaged over the M2 by
In terms of R the solution energy becomes produces just the result in [18] . [18] explains that the factor k in the denominator represents the fact that this M5-brane is divided by the Z k orbifold action, and
is the volume of an S 3 /Z k . As
is equal to the M5 tension it is the funnel solution of M2 − M5 system.
To proceed let us make following comments:
1. [18] considers only four non-zero coordinates, i.e. matrix X and Z, and interpretes its solution (2.11) as the M2-M5 system. However, in our solution the values of X, Y, Z are non-zero and we have six coordinates. Thus the solution could not use to represent the M2-M5 systems.
The BPS equation in ABJM model has triplet matrix term, such as
A . Use the radius defined in (4.14) this will always produce the dR R 3 in the energy. Thus, it always produces the volume integration dx d 4 y which, at first sight, could not provide a sufficient space dimension, six, to represent the M2-KK6 system.
3. Comment 1 says that our solution shall have 6-dimensional spaces while comment 2 say that we can have, at most, 5-dimensional spaces. It seems to contradict to each other. The puzzle is solved in below.
Let us first notice that M2-brane can intersect with KK6 over a 0-brane such that one of the worldvolume with coordinate (t, x, z) of the M-2-brane coincides with the isometry direction (z) of the Taub-NUT space [8] (see (1.1)). In this case M2 is a wrapped configuration [9] . Thus the integrations dx in (4.15) and (4.16) shall be taken over a wrapped value of dx = g s ℓ s . (Note that R 11 = g s ℓ s ) and (4.15) becomes
in which we have added two sphere volume dy 2 = ℓs dΩ 2 = 4πℓ S 3 plus a wrapped 2 sphere (with radium ℓ 2 ) near the KK6 core. In this interpretation
we have a KK6 from M2 in ABJM theory. It is amazing to see that the energy of M2-KK6 solution is independent of M2 number in the case of even N.
5 Vacua of Mass Deformed ABJM and M2-2M5
Vacua of Mass Deformed ABJM
In the mass deformed ABJM model [14, 17, 19] one adds the following mass term to Lagrangian (2.1)
The vacuum is the solution with zero potential, which lead to the equations In the previous literature [17, 21] , the solution for M2-M5 system described in (2.11) is used to form the reducible matrix to count the vacua state characterized by M5-branes wrapping fuzzy 3-spheres. In this case there is the only one possible solution for a fixed N. However, Our solution found in (4.1)-(4.3), has many non-equivalent solutions for a fixed N. Thus, the vacua characterized by KK6-branes wrapping fuzzy 3-spheres with wrapped 2 sphere (with radius ℓ s ) are more complex then that in M2-M5 system.
M2-KK6 and M2-2M5
It is interesting to mention that the authors in [23] have found that the funnel solution (2.11) matches the D4-brane interpretation just as well as the M5-brane interpretation, after a properly wrapped about a suitable radius. Motivated by this, although our solution is regarded as M2-KK6 systems we would try to give it following two interpretations.
1. We see that the tension of new BPS solution calculated in (4.15) is just the double value of M2-M5 system [18] in large N limit. Thus our solution may be used to represent the M2-M5-M5 system.
The integration in energy formula (4.15)-(4.16) is now regarded as an integration by integrating over space (x, x 1 , x 2 , z 1 , z 2 ) plus another one by integrating over space (x, x 1 , x 2 , y 1 , y 2 ). Thus we could interprete our solution as the system of two five-branes intersecting on a three-brane. Note that M2-M5-M5 system is the n = 1/4 supersymmetric system, as analyzed in [24] .
2. To begin with, let us mention following two issues. First : Authors in [23] argue that, as G † 1 = G 1 the solution in (2.11) will represent the funnel solution with coordinates G 1 , G 2 and G † 2 , which in fact has only 3 coordinates and the funnel solution is fuzzy S 2 instead of S 3 regarded in [16] [17] [18] . ( Authors in [16] [17] [18] regard G 1 , G 2 as two complex matrix and thus four coordinates.) Second : For finite N, the field theory description [20] shows that the ground states are labeled simply by partitions of N, rather than labeled partitions in [17] . [17] count vacua by using reducible matrix, which is clearly more numerous than partitions of N, so there is a discrepancy between the counting of classical vacua and the expected number of vacua for the theory.
Given the subtleties related to the counting of vacua in the mass-deformed ABJM theory and diagonalilty of matric X and Y in (4.1) and (4.2) we have following another interpretations for our solutions. Our solution has only 4 coordinates and it represents M2-2M5 system. This consists with the coordinate number and solution energy. In this case, the vacua are counted form multiple number of the irreducible matrix, which are more complex then before. The details remains to be investigated.
In conclusion, the BPS solution found in [16, 17] is described M2-M5 system and, after properly being wrapped, it can describe D4 system [23] . In the similar way, our BPS solution in (4.1)-(4.3) may be used to describe M2-2M5 system and, after properly wrapped, it can describe M2-KK6 system.
Discussion
In this paper we first present our numerical searches for BPS solutions in low dimensional matrix to find the M2-KK6 systems in ABJM theory. From the numerical result we find a general rule to describe the general solution and prove that it satisfies the BPS equations in ABJM theory. We calculate the tension of the solution and show a possible way to explain our solution as describing the M2-KK6 (2D membranes with 6D Kaluza-Klein monopole) systems. We mention that our solutions also reveal new vacua in the mass deformed ABJM theory and, contrast to the previous investigation in which the vacua are reducible, ours may be irreducible. We also discuss a possible way to interprete our new BPS solutions as a M2-2M5 system.
Finally, let us mention following comments to conclude the paper. 1. It is interesting to study the fluctuations of the ground-state/funnel solutions, along the line of [23] , to see whether these interpretations are correct. Note that the study the fluctuations over the our new solution may produce the 2M5 action, which is the simplest case of multiple M5 [25] , and is very interesting at present.
2. As our solution can describes M2-KK6 system with proper wrapped, and on other hand, it can also describes M2-2M5 system, it seems that wrapped KK6 is the configuration of 2M5. Thus, the n wrapped KK6, n-KK6, may be the configuration of 2n-M5. Along this line we can study the multiple M5 system. 3 . In [26] the BPS conditions preserving n/12 (n = 1, · · ·, 6) supersymmetries in the ABJM model are investigated and the BPS equations are clearly classified. It is interesting to see whether the other BPS objects therein could be derived form the BPS equations (2.5)-(2.7).
The investigations of these problems are on progress.
